Abstract: Polymer optical fibers doped with organic dyes can be used as efficient optical amplifiers and lasers in the visible region. We computationally analyze the spectral features of both their fluorescence and their amplified emission for different amounts of overlap between the emission and absorption spectra of the dyes employed. Representative cases are compared by calculating the respective evolutions along the doped fiber of the average wavelength, peak wavelength, and full-width at half-maximum of the output power obtained.
Introduction
Polymer optical fibers (POFs) have raised great interest in applications such as local area networks and sensors and, more recently, also in the field of fiber lasers and amplifiers in the visible region when they are doped [1] - [5] . The lower manufacturing temperatures of POFs, as compared with glass fibers, make it possible to embed both organic and inorganic dopant materials in the fiber, which has been the subject of incipient research. An important issue is that organic dyes present extremely large absorption and emission cross sections in comparison with those of Er 3þ ions, which are commonly employed in glass [6] . Such dyes can be easily dissolved in the main material employed for the POF core, namely polymethyl methacrylate (PMMA), but not in silica glass. Organic dyes combined with POFs allow a reduction of the fiber laser/amplifier length from a few meters to a few centimeters or even shorter.
One of the aspects that are being investigated is the spectral shift with distance of the emission power of active POFs doped with organic dyes, which can be employed for making tunable fiber lasers and amplifiers [7] - [9] . Specifically, the emission and absorption cross sections can change significantly from one dopant to another, thus allowing the designer the chance of amplifying at any wavelength of interest in a broad spectral range. The highest gain usually appears in the proximity of the emission spectrum peak [10] , [11] . However, when the emission and absorption cross sections overlap significantly, the absorption of the fiber can have a strong influence on the output spectrum, which can present a shift either toward longer or toward shorter wavelengths (i.e., Bred shift[ or Bblue shift[, respectively). After some degree of red shift has taken place, further blue shifts can be interpreted as reductions in the red shift from the original situation. Such shifts will be called relative blue shifts.
The spectral shifts depend on the pump power and on the fiber length [8] , [12] . This is an important issue, because the emission spectrum from a pumped active POF provides information about the range of wavelengths that can be amplified in it when used as a fiber laser or as a fiber amplifier. Note that a simple fiber laser without mirrors can emit a laser-like light. This process is often called Amplified Spontaneous Emission (ASE) or mirrorless lasing. The light presents many of the properties of laser radiation, such as a threshold, a narrower linewidth, and directionality. However, these properties are less developed than in a laser with mirrors due to the absence of a resonator [13] , [14] .
In this paper, we spectrally analyze the emission of doped POFs below and above the threshold. We also show to what extent it is possible to tune the spectral emission of active POFs by changing the fiber length. One of the novelties of our work is that the spectral study is made computationally for the first time, as far as we know. We pay special attention to the influence of the overlap between the emission and absorption curves that characterize the dopant, although the computational method developed could serve for many other types of analyses, even in the time domain as well. For the analysis, POFs are pumped with short light pulses of several energies, from low energies yielding fluorescence emissions to high ones above threshold. The analysis above threshold can serve to tune the spectral gain of an active POF by changing the fiber distance traveled by the pump power [7] - [9] . Even below threshold, the analysis could be useful for several applications, e.g., for measuring the absorption of a doped POF without having to cut it and for the characterization of losses as a function of the POF length [3] , [12] . By using our model, we analyze the spectral behavior of active PMMA POFs doped with two different types of dopant regarding the overlap between absorption and emission. One of the dopants is the well known rhodamine B, which has a large overlap between emission and absorption, and the other is the conjugated polymer poly(9,9-dioctylfluorenyl-2,7-diyl) (also called PFO), which has a small overlap. The latter is a type of dopant that is particularly interesting nowadays. Conjugated polymers show little concentration quenching and great fluorescence efficiencies. Besides, they can offer advantages in terms of the higher photoluminescence yield achievable and the future possibility of electrical excitation, although the new ones that are being investigated as dopants are optically pumped [15] . For the computational calculations, the emission and absorption cross sections are needed. These provide information about the probabilities of the possible electronic transitions that give rise to photon emission and absorption. The emission cross section of rhodamine B has been measured and reported by other authors [6] , [7] , [16] , [17] . The absolute values can be found in [16] . In the case of PFO, we measured the fluorescence curve to determine the shape of the emission cross section, and we calculated the absolute values by normalizing according to the corresponding value reported in the literature [18] . Regarding the spectrum emitted from a doped POF, the peak wavelength can be strongly influenced by the absorption curve of the dopant and by the fiber distance. This paper is organized as follows. The theoretical and computational analysis of the emission of active POFs is explained in Section 2. Experimental results are presented and compared in Section 3. This helps to understand the choice of the dopants analyzed. The shifts in the emission spectra with traveled distance are explained in Section 4. We also show that the spectral shifts are usually accompanied by significant changes in the spectrum width. The evolution of the spectrum width with distance can have very different behaviors depending on the pump power and on the type of dopant. The respective evolutions along the doped fiber of the average wavelength ð av Þ, peak wavelength ð peak Þ and full-width at half-maximum (FWHM) of the generated spectral power are obtained for several different pump powers. The conclusions are summarized in Section 5.
System Model and Numerical Scheme
We will start with a brief description of the most important optical transitions in the dopants employed. Organic dyes have two main electronic energy states S 0 and S 1 , with many energy vibrational levels within each one of them [15] . Transitions between vibrational levels within each electronic energy state are very rapid and nonradiative, in such a way that most of the population within each of the two main energy states at any given time is at its corresponding ground level. Therefore, photon emissions occur from the ground level of state S 1 to one of the vibrational energy levels of state S 0 , while photon absorptions occur from the ground energy level of state S 0 to one of the vibrational energy levels of state S 1 . This is shown in Fig. 1 .
The optical properties in the doped fiber are usually analyzed by means of time-dependent rate equations between two main energy levels (E 1 and E 2 ) [16] . In our analysis, the independent variables are not only the time t and the position z measured along the fiber symmetry axis (see Fig. 2 ), but the wavelength as well. The only spatial variable is z because the fiber cross sections are much smaller than the fiber lengths. We consider the case that the doped POF is pumped from one end with approximately monochromatic light (see Fig. 2 ). When the aim is to carry out a spectral analysis of the light power, it is necessary to consider its dependence on the wavelength as well, i.e., Pðt ; z; Þ. To introduce this dependence, we make use of the -dependent absorption and emission cross sections a ðÞ and e ðÞ of the dopant, and we divide the range of wavelengths of interest into discrete subintervals centered at wavelengths k . The complete system is described by a set of partial differential equations, initial conditions and boundary conditions. The unknown functions to be determined are P (light power) and N 2 (electronic population in the excited level E 2 ). We also take into account the rather trivial relationship N 1 ¼ N À N 2 between N 2 and the population N 1 in level E 1 , where N is the dopant concentration. Besides, three differential equations are employed. The following equation governs the evolution of the pump power P p :
The first right-hand term in (1) represents the absorption of the pump. The product a ð p ÞN 1 is the absorption coefficient p of the material at p . The increase of N 2 due to the pump reduces N 1 , and thus, the absorption coefficient decreases in the presence of pump power. The last term in (1) represents the propagation of the pump.
The variation of N 2 with time at a given point is governed by 
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The first right-hand term in (2) represents spontaneous decay. The second one accounts for stimulated decay. Both terms are associated, respectively, with spontaneous and stimulated emissions of photons. The last two terms are associated, respectively, with the absorption of photons of P p (excitation by the pump) and of the generated P (reabsorption). Reabsorption (the last term) is usually much smaller than excitation by the pump, because P is usually orders of magnitude smaller than P p and because a ð p Þ is large. The spontaneous lifetime of the dopant in PMMA is represented as . Its value is about 0.3 ns for PFO and 2.85 ns for rhodamine B [18] , [19] . A core is the cross section of the fiber core, and h is Planck's constant.
For each subinterval centered at k , the equation to calculate the evolution of P is
The first right-hand term in (3) accounts for the emission stimulated by an incoming photon. The second term represents the attenuation due to material absorption. The third term represents the propagation of the power inside the fiber with speed c=n. The spectral dependence of n is well approximated by an empirical formula reported for PMMA [20] , which is basically the material employed to make the fiber core. The last term accounts for the spontaneous emissions associated with the spontaneous decays in (2) . These are proportional to N 2 =, and e sp ð k Þ is the probability of spontaneous emissions at each subinterval. Since the direction of spontaneous photons is random, only a fraction will be guided along the fiber. For a fiber of numerical aperture NA, we estimate the maximum value of as the fraction of power emitted in all directions that is guided inside the fiber. This is an upper bound because not all the spontaneous electronic transitions produce photons. For example, for NA ¼ 0:5 and n ¼ 1:492, we have G NA 2 =ð4n 2 Þ ¼ 0:028. Above threshold, the last term in (3), corresponding to spontaneous emissions, tends to be much smaller than the term corresponding to stimulated emissions. However, the former is necessary to simulate the appearance of the first photons in a laser. Note that we have neglected the possible occurrence of excitedstate absorption of the pump power. The reason is that this phenomenon, which could be important for other applications [21] , can be neglected for our type of analysis to a first approach [16] . Besides, in our model, we do not include possible nonlinear-absorption effects that could occur at very high power densities, such as the absorption of more than one photon simultaneously or via a multistep process, or the decrease in absorption due to optical saturation or optical bleaching. Such effects would require changing the equations described above. In addition, in the experimental works that we will use in Section 3, the authors did not report any of such nonlinear effects in their measurements.
The aforementioned equations are solved for the following initial conditions: P and N 2 are 0 at t ¼ 0. We assume that a Gaussian pulse of pump power is launched into the fiber at z ¼ 0 in the absence of input signal. Its temporal FWHM is short. We have taken 5 ns in the case of rhodamine-B doped fibers, which coincides with the conditions of the experimental results discussed in Section 3, and 0.1 ns in the case of PFO-doped ones. Anyway, we have seen, both computationally and experimentally, that an increase in the pulsewidth would not have a significant influence on the qualitative spectral behavior of the active fiber. The only requirement is that the value of the peak power should be reduced conveniently to keep the amount of pump energy constant. Regarding the light launching conditions, the same qualitative behavior can be expected if the illumination were applied laterally from the fiber side, provided that the length of the illuminated area was short enough. The main requirement is that the traveled distance in the fiber has to coincide. For the spectral analysis (e.g., for the calculation of av , peak , and FWHM as functions of z), the powers in the results will represent the time integrated powers, i.e., Pðz; k Þ ¼ R 1 0 Pðt ; z; k Þdt. The numerical approach used to solve the governing equations relies on finite differences. Specifically, we have developed ad-hoc finite-difference algorithms in which all three variables z, t , and have been discretized. The discretization of the spatial and temporal variables is uniform, i.e., with constant finite step sizes t and z. For example, for a distance of 7 cm and a pulsewidth of 5 ns, z is on the order of 600 Á 10 À9 m, t is on the order of 0:2 Á 10 À9 s, and roughly 8000 spatial nodes with 200 temporal steps are used. For smaller pulsewidths, t is reduced. The judicious choice of these parameters is critical in order to achieve numerical convergence within the desired precision.
On the other hand, the discretization of has been carried out by dividing the full wavelength spectrum into three areas, each one with its own step size . The first one, with a rather large value of , starts at the pump wavelength ( p ¼ 543 nm in the case of rhodamine-B doped fibers and p ¼ 337 nm in the case of PFO-doped ones). No photons with higher energies than those will come to exist in the system. The first coarse area extends up to some wavelength where the emission spectrum starts to be important. Next, a finely discretized section is used (with small , on the order of 3 nm in our computations). Finally, a third section, again with coarse subintervals, can be used to take care of the low part of the right tail of the emission spectrum. The overall number of fine subintervals employed has been 50 in most of our calculations.
As for the implementation of the numerical scheme described, a few programming details follow. A matrix N2ði; jÞ is allocated to contain the discrete values of N 2 , where index i determines t by t i ¼ ði À 1Þt and index j determines z by z j ¼ ðj À 1Þz. Similarly, a 3-D matrix Pði; j; kÞ is allocated in order to contain the light power distribution, where indices i, j are as above, and index k determines according to the non-uniform discretization described. Finally, each term of the governing equations is estimated by means of finite differences for each discrete wavelength. The differences are centered whenever possible to achieve a higher order of precision. Both matrices Pði; j; kÞ and N2ði; jÞ are filled column by column. Columns represent values of z and rows represent values of t. A full column is calculated before going on to the next one.
Dye-Doped POF Parameters Derived Experimentally
Before discussing the results obtained computationally in the way explained above, let us consider some experimental results corresponding to fibers doped with PFO and rhodamine B.
In Fig. 3(a) and (b), we have plotted the emission and absorption spectra of both types of fibers. The graph in Fig. 3(a) was determined experimentally by us [3] , whereas the necessary data to plot Fig. 3(b) can be found in several papers [6] , [7] , [17] . Fig. 4 (a) and (b) reproduces some experimental studies already published by our group and collaborators [3] about the fluorescence of a PFO-doped POF below threshold for several distances z traveled by the light along the active fiber. As can be seen in Fig. 4(a) , peak did not change significantly in the range of distances measured, but the average wavelength changed quite linearly in about 7 nm along 6 cm of fiber, as shown in Fig. 4(b) . The concentration of PFO used for the measurements was 0.003 wt%, which is close to the maximum that can be dissolved in PMMA. The pump power was below threshold (a pulsed nitrogen laser was employed with a pulsewidth of 4 ns, leading to a pulse energy on the order of 1 J=mm 2 at the entrance to the POF). Let us consider the behavior of the FWHM as a function of z. In PFO-doped POFs below threshold, the variations measured in the FWHM were very small and did not follow a clear tendency, as seen in Fig. 4(a) .
As for rhodamine-B doped POFs below threshold, from [17] we know that the red shift of the spectrum is much larger. Specifically, the authors report experimental results in very thin multimode core POFs (i.e., without cladding) drawn by them with concentrations of rhodamine B of 10 À4 , 0.001 and 0.002 mol% (the latter could not be completely dissolved, as they explain). For such concentrations, they launched pulses of 5 ns with maximum pump power of 5 mW, i.e., clearly below threshold. Their results in distances up to 5 cm showed a continuous red shift in peak ðzÞ. Moreover, when the concentration was close to the maximum that could be dissolved (specifically, 0.001 mol%), the slope of peak ðzÞ was not constant, since it was greater at the beginning and it clearly diminished when the distance z became greater than 3 cm. From 0.65 to 3 cm, peak ðzÞ increased from about 605 to nearly 625 nm, as can be shown in the fourth figure of their paper [17] . Such experimental results about rhodamine B and ours about PFO show that there is a much greater red shift of the fluorescence below threshold in the case of rhodamine B. This effect can be explained by taking into account that the greater the degree of overlap is, the more influential the absorption becomes on the spectral power distribution. This is because its maximum tends to separate at low pump powers from the maximum of the emission curve e ðÞ toward wavelengths of smaller attenuation. In the next section, we will gain insight into the influence of the overlap.
In some cases, a relative blue shift has been observed in the emitted power instead of a red one, but always at sufficiently high pump powers, which can be explained as follows. At the peak wavelength of the emission band the absorption is higher than that at longer wavelengths. This fact can be compensated above threshold by the greater probability of emissions as the light power increases with distance. Therefore, if the pump power is high enough for the distance considered, a relative blue shift with distance of peak and of av toward the peak of the cross section can be expected. The experimental corroboration of this shift can be found in the literature in the case of rhodamine-doped fibers [8] , in a rhodamine dye solution embedded with nanoparticles [22] , and in solid-state dyes [23] . The relative blue shift has not been reported yet in the case of PFO-doped fibers, as far as we know.
Computational Results and Discussion
First, let us analyze the red shift of the spectrum below threshold for the same dopant concentrations and similar initial pump energies as those commented in the previous section. Fig. 5(a) illustrates the evolution of av with z for two different initial energies E p of the launched pump pulse. 
In general, the linear behavior of av ðzÞ agrees with the experimental results [see Fig. 4(b) ]. The discrepancies in the values could be due to the differences in the distance traveled by the light in the fiber, which is longer in the case of the experimental results due to the measuring technique. In Fig. 5(a) , an initial energy per unit area of 0.69 J=mm 2 yields a rather linear red shift of av ðzÞ for distances longer than 1 cm. However, the linearity begins at a greater distance ðz % 3 cmÞ when E p ¼ 2:76 J=mm 2 . This fact can be understood by observing the evolution of the generated power PðzÞ in the latter case, which is illustrated in Fig. 5(b) . This shows that the power grows until z % 3 cm is reached, since the launched energy is greater than in the other case. As we can see in Fig. 5(a) , in both cases, there is a significant red shift of av . This can be explained by taking into account that the absorption cross section decreases toward longer wavelengths in such a way that the decrease in the rate of absorptions is faster than that of emissions as wavelength increases. This effect is possible due to the overlap between the emission and absorption spectra. We have also corroborated that the red shift of the peak wavelength ð peak Þ is small in the case of PFO (we have obtained approximately 1.5 nm of red shift in the first 15 cm of fiber). Fig. 6 shows that the red shift below threshold obtained for rhodamine-B doped POFs is much greater. In this case, the red shift of av in a distance of 14.5 cm, from z ¼ 0:5 cm to z ¼ 15 cm, is greater than 40 nm, i.e., roughly one order of magnitude greater than in the case of PFO. Moreover, when rhodamine B is used there is a great shift even in peak , since it changes from being 600 nm at z ¼ 0:5 cm to being nearly 640 nm at z ¼ 14 cm when the concentration is 0.0001 mol%. The red shift grows initially faster when the concentration is greater [as shown in Fig. 7(b) ]. For the sake of comparison between the shifts in peak for both types of doped fibers, the corresponding curves are shown in Fig. 7(a) and (b) . It is clear from the results obtained that, in the case of rhodamine B, the slope of the shift of av ðzÞ or of peak ðzÞ is not constant. It is greater at the beginning, coinciding with a very large overlap between the spectrum of P and the absorption curve. This is because P is not yet very red-shifted when z is small. The fact that the red shift is greater when the concentration of rhodamine B is 0.001 mol% than when it is 0.0001 mol% [see Fig. 7(b) ] can be explained by noting that the attenuation is higher in the former case. This increases the importance of the shape of the absorption spectrum that overlaps with the emission spectrum [24] .
Let us now analyze the behavior of the spectral widths. Specifically, when the pump energy is well below threshold, there can be an initial increase in the FWHM followed by a decrease, as shown in Fig. 8 for PFO and rhodamine B. The threshold pump energy density depends on the fiber length, on the type of dopant and on the concentration. In the case of the POF doped with PFO, we saw in Fig. 5 that an energy in the order of 0.7 J=mm 2 was below threshold for a few centimeters of distance, since the two pump energy densities employed in Fig. 5(a) (0.69 and 2.76 J=mm 2 ) were below threshold in such conditions. In the case of the POF doped with rhodamine B, a value of 8 J=mm 2 is below threshold for the distances considered in Fig. 8 , as was commented in Section 3 [17] . Fig. 8(a) shows that the change of the FWHM in the case of PFO is small in the range of distances from 0.5 to 15 cm, which agrees with the experimental results of Section 3. In the case of a rhodamine-B doped fiber, the great variations in the attenuations of individual wavelengths when the spectrum is not red shifted very much produce an initial increase of the width with distance. Simultaneously, a red shift of the average wavelength occurs. This effect is especially influential at the beginning, when the overlap between the spectrum of the emitted light and the absorption cross sections is greater, which explains the initial increase of the FWHM with distance (see Fig. 8(b) and (c), corresponding to two different concentrations).
Let us now consider what happens when pumping the fiber above threshold. When the pump power intensity is sufficiently high, there can be a greater net gain (gain minus absorption) at shorter wavelengths than at longer ones in a large part of the range of emitted wavelengths. Therefore, a relative blue shift of av ðzÞ can occur. This effect is shown in Fig. 9(a) in the case of a PFO-doped fiber. The pump energy employed is shown to be above threshold in Fig. 9(b) , which shows the narrowing of the emission spectra as z increases up to 4.5 cm, which is the length of maximum gain.
The relative blue shift above threshold also appears in the case of rhodamine-B doped fibers, as shown in Fig. 10 , which corresponds to a concentration of 0.0001 mol%. In this case, the high attenuation of the fiber is much higher than in the case of a POF strongly doped with PFO; therefore, the energy pulse has been higher in order to be above threshold. The slope of av ðzÞ tends to reduce as the length of maximum gain is approached. It can be observed that, for z > 1 cm, av takes values that are slightly below 574 nm (peak wavelength of the emission cross section of rhodamine B). This unexpected behavior could not be easily explained if the absorption cross section always decreased with . However, a increases for from p ¼ 540 nm up to 561 nm, which tends to reduce av . Apart from that, discretization errors in the numerical method employed, as well as the simplifying hypotheses assumed, could also contribute to this effect.
Regarding the evolution of the FWHM with distance, we can see that it decreases with a slope that tends to 0 as the length of maximum gain is approached, as can be seen in Fig. 11 . The narrowing of the FWHM has also been observed when z is constant and the pump power is increased above threshold, but that is a well-known effect [25] . 
Conclusion
In this work, we have computationally analyzed the spectral features of light power in doped POFs. For this purpose, we have developed ad-hoc numerical algorithms. We have taken two representative cases regarding the overlap between absorption and emission: fibers doped with PFO and fibers doped with rhodamine B. There are shifts along the fiber of the emission spectra toward longer or shorter wavelengths when the pump power is below or above threshold, respectively. These shifts are greater in the case of larger cross section overlaps. As for the spectral width of the emission, its evolution with the fiber length depends on the pump power and on the type of dopant employed. Above threshold there is an initial decrease with distance in the FWHM in both cases. These analyses can be very useful to develop tunable POF-based optical amplifiers and lasers.
